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Abstract. In this paper, we prove a cyclic Lefschetz formula for foliations. 
To this end, we define a notion of equivariant cyclic cohomology and show that 
its expected pairing with equivariant ii"-theory is well defined. This enables to 
associate to any Haefliger's transverse invariant current on a compact foliated 
manifold, a Lefschetz formula for leafwise preserving isometries. 
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1. Introduction 

Let (V, g) be a smooth riemannian compact manifold. Let / be any isometry of 
( V, g) and let H be the compact Lie group generated by / in the group of isometries 
Iso(V,g). Then, to any 77-invariant elliptic complex (E,d) over V, one associates 
a Lefschetz number L(f; E, d) defined by 

L(f;E,d) = ^2(-iyTrace(f*\ HiiEtd) ), 

i>0 

where /*|iWE,d) denotes the induced action of / on the i th homology of the com- 
plex. It is a classical fact that L(f;E,d) is intimately related to the fixed point 
submanifold of /. More precisely, the Lefschetz formula computes this class in 
terms of local data over the fixed point submanifold [2] . The link between the Lef- 
schetz formulaes and index theory was first proved by Atiyah and Segal [5] who use 
the £f-equivariant index theorem [4] as a tool to compute these Lefschetz classes. 
The starting point is that L(f; E, d) can be viewed as the evaluation at / of the H- 
equivariant analytical index of the elliptic complex {E, d). The Atiyah-Singer index 
theorem together with a localization result then enables to deduce the Lefschetz 
fundamental theorem. 
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This approach to fixed point formulaes works as well in the case of foliations. In 
[11,16] the index theorem for foliations was proved generalizing Atiyah-Singer's re- 
sults. Let (V, g, F) be a smooth riemannian compact foliated manifold, the authors 
of [16] use Kasparov's bivariant theory to define an analytical index class for any 
longitudinal pseudodifferential operator elliptic along the leaves. This class lives 
in the if -theory group of the Connes' C*-algebra associated with the foliation [12] 
and the main theorem of [16] is a topological computation of this index class giving 
as a byproduct the Atiyah-Singer index theorem for fibrations. Despite the case of 
fibrations where one has to compute the if-theory group of a compact space (the 
base), for general foliations, the problem of computing the if -theory of Connes' C*- 
algebra is highly non trivial and is one of the topics of the Baum-Connes conjecture 
[15]. The differential geometry of the space of leaves is no more relevant in general 
and Connes' idea [15] is to use cyclic cohomology as an alternative to construct 
additive maps from the if-theory group, not necessarily of the C*-algebra but of 
a dense smooth subalgebra, to the scalars. The Chern character construction be- 
comes a particular case of this general pairing of cyclic cohomology with if-theory. 
A further step was then the cyclic index theorem for foliations which was proved in 
[14]. This theorem uses the cyclic cohomology of the regular algebra of the foliation 
to deduce a topological formula for the cyclic index a la Atiyah-Singer. In the case 
of holonomy-invariant transverse measures for instance, one recovers the measured 
index theorem [12]. 

If now / is an isometry of (V, g) which preserves the leaves of F, and H is 
the compact Lie group generated by / in the group of isometries Iso{V,g), then 
the problem of existence of fixed points under the action of / has been solved 
in [6] in the whole generality following the method of [5]. Thus Lefschetz classes 
with respect to H- invariant longitudinally elliptic complexes [12] are defined in the 
localized ii-equivariant if -theory of the Connes' C*-algebra of the foliation. Just 
like in the classical setting, they bring the action of / on the homology of the 
H-invariant longitudinally elliptic complexes. The main result of [6] was then a 
Lefschetz theorem that expresses these classes in terms of topological data over the 
fixed-point submanifold of /. 

Now again because the computation of the equivariant if -theory groups of folia- 
tion C*-algebras is a hard problem in general, we naturally use in this paper cyclic 
cohomology as a more computable tool to construct cyclic Lefschetz numbers. In- 
variant currents [18] enable to explicit these numbers and to state a more useful 
fixed point formula. This is a generalization of the Connes' cyclic index theorem 
for foliations and some applications are treated in [7]. 

More precisely, we imitate the Chern-Connes construction and define a notion of 
equivariant cyclic cohomology which pairs with equivariant if -theory. This pairing 
behaves well with respect to localization at the prime ideal associated with / and 
enables to define the cyclic Lefschetz numbers. The non vanishing of all such 
numbers give criterions for the existence of fixed points under the action of /. 
Furthermore, when the fixed point submanifold V? is non empty and transverse 
to the foliation, we obtain a basic Lefschetz formula that computes the Lefschetz 
numbers in terms of topological data over V? (Theorem [)]) . 

These results extend previous Lefschetz formulaes obtained by J. Heitsch and C. 
Lazarov in the case of holonomy invariant measures 1 20 , Ell . 
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We now describe the contents of each section. Section 2 gives a brief survey 
of the il-theory Lefschetz theorem. In section 3, we define the appropriate equi- 
variant cyclic cohomology and construct for our isometry a pairing between this 
equivariant cyclic cohomology and equivariant if-theory which factors through the 
representation ring of the compact Lie group generated by the isometry. In section 
4, we return to the foliated case and recall the more or less known between basic 
homology and cyclic cohomology which generalizes the well known isomorphism in 
the case of fibrations. In section 5, we show that basic homology furnishes equivari- 
ant cocycles with respect to longitudinal actions. In section 6, we use the results 
of Section 4 and Section 5 together with the if-theory Lefschetz theorem to prove 
the basic Lefschetz formula. In section 7 we translate the cyclic Lefschetz formula 
in cohomological terms using Connes' cyclic index theorem and we also state some 
other corollaries including a rigidity criterion. 

Acknowledgements. The author wishes to thank Thierry Fack and Victor Nistor 
for comments and helpful discussions. 

2. Review of the X-theory Lefschetz theorem. 

Most of the results of this paper are based on the if -theory Lefschetz theorem 
and we recall the material from [6]. Let (V, F) be a C°°-compact foliated manifold, 
this means that F is an integrable smooth subbundle of the tangent bundle T(V). 
We will denote by G the holonomy groupoid of the foliation (V,F), and G x will 
mean the subset of G which consists in the holonomy classes of paths with range 
x £ V. Let H be a compact Lie group of F-preserving diffeomorphisms of V. We 
fix once for all a smooth Haar system on G defined out of a Lebesgues-class measure 
along the leaves which by an averaging argument can be assumed H- invariant. In 
the same way, we can assume that the action of H preserves some metric on V and 
so acts by isometries. The C*-algebra associated by A. Connes to the foliation, 
denoted C*(V,F) [11], is then an if-algebra in the sense that the induced action 
of H is defined by a strongly continuous morphism a from H to the automorphism 
group of C*(V,F). 

Let P be an elliptic iJ-invariant order compactly supported pseudodifferential 
G-operator acting on sections of the H- vector bundle E [12]. We choose an H- 
invariant hermitian structure on E and denote by tv,E the Hilbert C*-module over 
C*(V,F), associated with the continous field of Hilbert spaces L 2 (G X , s* E,v x ). 
Then the couple (sv.e,P) represents a class in the Kasparov equivariant group 
KK H ((C, C* (V, F)) called the analytical longitudinal if- index of P, and denoted by 
Ind^ v (P). 

On the other hand, the if-submersion 

p : F —> V/F 

is isT^-oriented. Recall that a map from F to the space of leaves is by definition 
a G- valued 1-cocycle and that then the pull back bundle p*{v) of the transverse 
bundle v to the foliation makes sense and is a vector bundle over F [?]. The 
If ^-orientation of p means that the vector bundle T(F) (&p*(v) admits a spin c 
structure which is given by an if-equivariant hermitian vector bundle of irreducible 
representations of the Clifford algebra bundle associated with T(F) ®p*(v). See 
|l7| for more precise definitions. 
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Using this spin c -bundle A. Connes and G. Skandalis constructed in a topological 
way which generalizes the Atiyah-Singer shrieck maps, a Gysin class [ p"7| 

pleKK H (C (F),C*(V,F)). 

This enables to define the topological longitudinal H-mdex of P by : 

Indf y {P) = [a{P)] ® F p\, 

where [<r(P)] is the iJ-equivariant class of the principal symbol of P in Kh(F). 
The longitudinal i7-equivariant index theorem can then be stated as follows: 

Theorem 1. [16] Ind% v (P) = Ind? v {P). 

Note that we can easily get rid of the order assumption on P by classical 
arguments. Note also that this theorem works as well for elliptic H- invariant G- 
complexes [4] just like in the " non foliated case" . 

Now we are in a position to state the X-theory Lefschetz theorem. Let / be 
a leaf-preserving isometry of V with respect to some fixed riemannian metric g 
on V. Let H be the closed subgroup generated by / in the compact Lie group of 
isomctries of (V, g). H is then a compact Lie group and it preserves the longitudinal 
subbundle F. Let (E, d) be an elliptic G-complex over (V, F) which we assume to 
be iJ-invariant. Let 2/ = {% G R(H), x(f) — 0} be the prime ideal associated with 
/ in the representation ring R(H). Localization of the ring R(H) with respect to If 
gives a ring of fractions denoted R(H)f. For an i?(if)-module M, we shall denote 
by Mf its localization with respect to If and which is then an R(H) /-module in an 
obvious way. The Lefschetz class of the foliated isometry / with respect to (E, d) 
is naturally defined by [6]: 

Definition 1. The localized analytic H- index of (E, d) with respect to the above 
ideal If is called the Lefschetz class of / with respect to (E, d) and denoted by 
L(f;E,d), so: 

Ind** v (E,d) 
L(f;E,d) = a / y G K (C*(V, F))f. 

When the foliation is top dimensional say with one leaf the manifold V it- 
self, (E, d) becomes a classical pseudodifferential elliptic ff-invariant complex over 
the compact manifold V and the R(H ) /-module K H (C* (V, F))f coincides with 
K H (fC(L 2 (V)) f , where JC(L 2 (V)) is the elementary C*-algebra and L 2 (V) is de- 
fined using a Lebesgues measure that can be constructed out of local charts. Given 
any smooth kernel k,Vh G H we have the smooth kernel k h : (x,y) i— ► k(h~ 1 x,y). 
Now the integral of k h against the diagonal of V x V gives exactly the Morita iden- 
tification K H (IC(L 2 (V)) = R(H). This shows the coherence of definition 1 with 
the classical one [4]. Extending the classical fixed point theorem we can state a 
longitudinal Lefschetz theorem which relates the Lefschetz class to the appropriate 
topological data over the fixed point submanifold V* of /. We are only interested 
in the case where V? is transverse to the foliation (this happens for instance when 
H is connected and preserves the leaves [20]). Let then F f = TV f n F be the 
integrable subbundle of (TV) f = T(V f ), and let i : F f F be the if ff -oriented 
ii-inclusion. The associated Gysin-Thom element i\ G KKh{F* ,F) is then well 
defined H . Recall that the £f-equivariant if-theory of the ii-trivial manifold F? 
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is isomorphic to the tensor product K(F*) <S> R(H) and that the index map for the 
foliated iJ-trivial manifold (V* , F*) is then given by 

l n d^ f a* Ind vf ® R{H) : K H (F f ) ~ K(F f ) ® R{H) -» 

^(C*^/,^/)) s K(C*(V f ,F f ))®R(H). 

Theorem 2. /#/ Wz£/i £/ie above notations, the following triangle is commutative: 
K H {Ff) = K{Ff)®R(H) ^ K H (F) 

Ind^j lnd vS <g> \ | IncZ^ 

# H (C*(V,F)) 

In the above theorem we have denoted by Indy S the TJ-equivariant longitu- 
dinal analytic (or topological thanks to the equivariant longitudinal index theo- 
rem recalled above) index i?(if)-homomorphism for the compact foliated mani- 
fold (V*,F*) as recalled above. This index map rigorously takes values in the 
R(H)-modu\e K H (C*{V f , F* )) and we have used the quasi trivial element of 
KK H (C*(V f ,Ff),C*(V,F)) correspopnding to the Morita extension [16] to see 
its range in K H (C*(V, F)). Now we can state the if-theory Lefschetz theorem 
using the functorial properties of the localization at the prime ideal //: 

Corollary 1. (The K-theory Lefschetz theorem) Let (V, F) be a compact foliated 
manifold and let f be a diffeomorphism of V which preserves the longitudinal sub- 
bundle F. We assume that f belongs to a compact Lie group of diffeomorphisms of 
V and denote by H the compact Lie group generated by f. Then H also preserves 
the bundle F and with the above notations, the Lefschetz class of f with respect to 
an H -invariant elliptic G-complex (E, d) is given by: 

*HE,d)} 

where i* : Ks(F)f — ► Ku(Ff)f is the restriction homomorphism, is the nor- 
mal H-vector bundle to V s in V, and X-^N* ® W) = £(-1)^^ ® W)] m 
K H {Vf)f<^K{Vf)®R{H)f. 

The above fraction means that \_x{Nf 0(D) is a unit in the ring Kh{V^) / and 
we have used the Kh (V-*) /-module structure of KH{F^)f. Whence, L(f;E,d) 
coincides with the (naturally extended to K(F') ® R(H) /) index of a virtual oper- 
ator over the foliated fixed point manifold. This theorem is the exact generalization 
of the now classical Atiyah-Segal theorem [5]. As a simple consequence we get the 
following fixed point criterion: 

Proposition 1. Under the assumptions of Corollary GL we have: 

(3(E,d)/L(f-E,d)^0)^Vf ^V). 

When V? is a strict transversal, ie: when V? is transverse to the foliation with 
dimension exactly the codimension of the foliation, then we obtain: 



L(f;E,d) = {Lndyf ®R{H) } ) 
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Where [[W]] is the class associated to the transversal V* in KK H \C{V S ), 
C*(V, i* 1 )) as defined in [11]. Kasparov product by [[V?]] corresponds to K -integration 
over V? , so that the above formula agrees with the classical ones. In particular 
when (E, d) is the de Rham complex along the leaves, our Lefschetz class coincides 
with the K-volume of , that is the class [V?], which is represented by a simple 
ff-invariant idempotcnt in C£°(G, fi 1 / 2 ) [11]. 

To end this section, let us just point out that the 77-equivariant index morphism 
can be defined at the K H (C£°(G, Q 1 ^ 2 )) level just like in the non equivariant case. 
This enables to use the cyclic cohomology (more precisely the i7-equivariant one) 
of the locally convex algebra C£°(G, fi 1 / 2 ) to construct cyclic Lefschetz numbers. 
This is necessary to get scalar criteria on the existence of fixed points as well as 
explicit integrality results. 

3. Equivarant cyclic cocycles 

Our goal in this section is to define the notion of equivariant cyclic cocycles. 
The definition we have adopted here consists grosso modo in cyclic cocycles on the 
discrete product with a further twist assumption. This assumption is fulfilled in 
the applications we are interested in and insures that the pairing with equivariant 
if-theory will factor through the representation ring. 

Moreover this definition reflects the notion of equivariant Fredholm modules 
and is then in the spirit of equivariant Kasparov's theory and equivariant Chern 
character. 

Let A be a *-subalgebra of the C*-algebra L(H) where H is some fixed Hilbcrt 
space. Let F be a (discrete) group and let U : F — > U (Tt) be a representation of T 
in the group of of unitaries of H. Assume that the induced action of T on L(TL) 
preserves A. We shall denote by < A, V > the *-subalgebra of L(H) generated by 
finite sums of terms of the form 

a o U(j), aeAc L(H) and 7 G V. 

A fc-Hochschild cochain on an algebra B is a (k+ l)-linear form on B k+1 . The space 
of such Hochschild cochains will be denoted by C k (B). A Hochschild fc-cochain <fi 
on B is cyclic if 

<j>(b k ,b°,...,b k - 1 ) = (-1)^(6°, -,b k ). 

Definition 2. (i) Let 7 e T be a fixed element. A 7-equivariant fc-cochain r 
on A is a fc-Hochschild cochain on < A, T > such that V(a°, a k ) E A k+1 and 
Vj G {0, 1, fc}, we have: 

r(o°, ..^ o U(7),a> +1 , ...,a k ) = r(o°, a\ U( 7 ) o a> + \ a k ). 

(ii) A T-equivariant fc-cochain is a fc-Hochschild cochain on < A, V > which is 
7-equivariant for every 7 e T. 

Remark 1 . In the whole paper we will only use the restrictions of our fc-cochains 
to the union over j of the spaces 

i 3 ®(<Ar>)®i M_1 . 

Thus it it possible (but unnecessary for our applications here) to use a more precise 
definition. 
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Remark 2. In fact, when A is unital and r is a Hochschild cocycle which is nor- 
malized in the sense that: 

r(6°, b k ) = whenever one of the b?' s is scalar, 

we have: 

[r is 7 — equivariant ] <t=> r(6°, b k ) = whenever one of the V ' s is U(-j). 
We will however use a non unital algebra for foliations. 

Recall that the Hochschild coboundary b : C k (B) — ► C k+1 (B) is given by: 
br(b", b\ 6 fe+1 ) = b'T(b°, b\ + (-l) k+1 r(b k+1 b°, b\ 

where 

b'T(b°,b\...,b k+1 )= J2 {-l) j T(b°,...,b j b j+1 ,...,b k+1 ). 

Q<j<k 

If t is a 7-equivariant /c-cochain then b(r) is a 7-equivariant (fc + l)-cochain as can 
be proved easily. If r is a cyclic fc-cochain on < .A, T > then r is 7-equivariant if 
V(a°, a fe ) e ^4 fe+1 we have: 

T(a° o [/( 7 ), a\ ...,a k ) = (-l) fe T(J7( 7 ) o a 1 , a 2 , a fc , a ). 

We shall denote by CjJ (< ^4, T >) the graded complex vector space of 7- 
equivariant cochains which are cyclic on < A, T > (7-cyclic cochains for short). 
Then we have: 

Lemma 1. (i) Denote by A the cyclic antisymetrization operator [15], then for 
any ^-cyclic cochain t, At is a -f-cyclic cochain; 

(ii) (Ca, 7 (< A,T >),b) is a well defined subcomplex of the cyclic complex of 
< A,T >. 

The proof of this lemma is straightforward and is omitted here. 
Thus, iJ^' 7 (< A, T >) will denote the cohomology of the above subcomplex and 
we obviously have the map 

Jr : H*^(< A,T >) - H* x (< A,T >), 

which consists in forgetting the 7-equivariance. Many cyclic cocycles on crossed 
products do come from T-equivariant cyclic cocycles as can be seen by the follow- 
ing examples. 

Examples. (1) The most important class of examples is furnished by the equi- 
variant spectral triples that give rise to equivariant Frcdholm modules: Let [rt, D) 
be any (unbouded) (n, oo)-summable Fredholm module over the T-*-algebra A. We 
assume that V acts on H and that this action agrees with the original one on A. We 
also assume that D is T-invariant (this can be improved to deal with Kasparov's 
theory). Then the analytic Chern character t = ch(H 7 D) is defined (in the even 
case) by [15] 

T(a° , ...,a n ) ^ Tracesiaa^iF^a 1 }...^^ 71 }). 
Here a is the grading involution automorphism of 7i and for T e L 1 '°°(7i), 
Trace s (T) = Trace(F(TF + FT)) 

is the regularized trace. F is the sign of D corrected if necessary to satisfy F 2 = 1. 
It is then clear that r extends in a T-equivariant cyclic cocycle on < A, T > . 
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When A = C°°(V) for a compact spin manifold V with H = L 2 (V,S) the L 2 - 
space of spinors and D the associated Dirac operator, we obtain an equivariant 
cyclic cocycle whenever the group T acts on V by spin-preserving diffeomorphisms 
in the sense of [3]. 

Another important case is that of the Diff-equivariant situation where a spec- 
tral triple using the "signature" operator has already been defined by Connes and 
Moscovici. Thus if the compact Lie group of isometrics of the manifold commutes 
with the action of the group of diffeomorphisms considered, then we again obtain 
an equivariant cyclic cocycle. This example can be extended to actions of pseu- 
dogroups and foliations where the assumption on the group is that it preserves the 
longitudinal bundle F. 

(2) For foliations, we can define many other equivariant cyclic cocycles in the fol- 
lowing way: Let {V, F) be any compact foliated manifold and take A — (G, fl 1 ^ 2 ), 
H = (B X £vL 2 (G x , v x ). Let T be a group of leaf-preserving isometries of (V,F). 
Then it is almost always possible to construct (see section 5) an induced action W 
of r on Ti that preserves each L?{G X , v x ) and such that in addition 

V 7 S F, V/ e G C °°(G, ft 1 / 2 ), *( 7 ) o / 6 G C °°(G, n 1 ' 2 ) and *( 7 ) o / o *( 7 ~i) = 7 (/). 

Lemma 4 shows that all the cyclic cocyles arising from basic currents are T- 
equivariant. The case of the trace associated with a holonomy invariant transverse 
measure A is particularly interesting. 

From now on and in view of our interest in this paper, say Lefschetz formulaes for 
foliated isometries, we assume that T is a compact Lie group. We fix the T-algebra 
A with its embedding in L(H) for a T-Hilbert space H. 

Lemma 2. Assume that A is unital. Let u be any invertible T -invariant element 
of A and denote by p(a) = mu" 1 the interior automorphism induced by u. Then 
for any 7 G V and any ^-equivariant cyclic cocycle t of degree n > 0, there exists a 
^-equivariant cyclic cochain ip on < A, T > such that 

P*(t) — t = bip. 

Proof. We simply apply the proof in |f(| [page 325] and see that the cochain con- 
structed in this way is 7 -equivariant whenever r is. More precisely, let a £ A be an 
if-invariant element, say 

[a,U(h)\ = 0,V/i e H. 
Set for (O ,.--,^ 1 ) e< A,T >, 

r a is then a Hochschild cochain which is 7 -equivariant by direct inspectation. If 
5a(b) = o-b — ba and 

<5:(r)(6°,...,6 n )= r{b Q ,...,5 a {b l ) 1 ... 1 b n ) 1 

0<i<n 

then <5*(t) is a 7 -equivariant (cyclic) cochain, since 8 a {V o C/( 7 )) = S a (V) o f/( 7 ). 
Following |l^|[page 325], we verify using br = that: 

(-irS* a (T)=A(b'r a ). 



CYCLIC LEFSCHETZ THEOREM 



9 



Thus we obtain 8*(r) = b({— l) n Ar a ) with Ar a a 7-equivariant cyclic cochain on 
< A,T >. 

Let now u be an invertible T-invariant element of A. Then again following 
|l6[ [page 325] and by classical equivariant i^-theory arguments, we can assume 
that u = e a where a is L-invariant. In fact there exists b G M2((C) such that 
a = vbv^ 1 and hence e a is well defined using the exponential in M2((C) and we 
obtain by straightforward computation: 

p"(r)-r=(boA)(£ ^^fe. 1 ^ )' 
fc>i 

and if pl(ip)(a°, ...,a n ) = ip{va Q v~ l , va^-v" 1 ) then 

S:(a) = (p- 1 )*o6 b opl. 
The proof is then complete since 

/ -1- \- Off)*" 1 fa) * 

fa ) °L — ij — °Pv, 

k>l 

is 7-equivariant. □ 

Let X be any finite dimensional T-representation and let r any 7-equivariant 
cyclic cochain (resp. cocycle) on < A, T >, where 7 G L is again a fixed element. 
Then rftTrace (see [13]) is a 7-equivariant cyclic cochain (resp. cocycle) on the 
algebra [A ® .Endpf)] xi L. If U(a) is the unitary of X corresponding to the 
element a G L then: 

(rjJTmce)([a ® A ] o [E/(a°) $ U(a )], [a™ 8> A"] o [t/(a") ® F(a n )]) := 

r(a° o U(a°), a" o [/(a"))Tmce(A o V(a°) o ... oA"o F(a n )) 

Theorem 3. Assume that T is a compact abelian Lie group. Let r be any even 
7- equivariant cyclic cocycle over < A, T >. Lei X 6e any finite dimensional repre- 
sentation of r and Zei e be a T -invariant projection in A® L{X). We set: 

r 7 (e) = {T%Trace){e o [J7( 7 ) ® V( 7 )], e, e). 

Then r 7 induces an additive map from equivariant K -theory of A to the scalars. 
Moreover, this map only depends on the class of t in H lt \{< A,T >) and we obtain 
in this way a well defined pairing between iJ 7 ^(< A, T >) and the "/-localized T- 
equivariant K -theory of A: 

r 7 : K r {A) 7 -><Z7. 

Remark 3. Theorem 5 is of course available for any compact Lie group but taking 
into account the conjugacy classe of 7. However we will only use the abelian version 
in this paper. 

Proof. Using classical i^-theory techniques, we can assume that A is unital (with 
a trivial action of T on(C). Also we only need to show that if e, e' are L-conjugated, 
then r 7 (e) = r 7 (e'). By Lemma 2, there exists an odd 7-equivariant cyclic cochain 
ip such that 

r 7 (e) - r 7 (e') = bip(e o [C/( 7 ) ® V(j)],e, e). 
A direct computation then shows that all but one of the terms in bip disappear and 
we get: 

Me o [£%) ® V(7)], e, e) = <p(e o [t/( 7 ) <S> V(7)], e, .., e). 
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The 7-equivariance of ip then yields, 

(p(eo [U(j) ® V(7)],e,..,e) = -^([1/(7) ® V(7)] o e, e, .., e), 

and since e is F-invariant, we obtain the result. 

The above computation also shows that the pairing only depends on the 7- 
equivariant cyclic cohomology class of r. Furthermore, the pairing respects the 
ideal 7 7 = { X e R(T), X {l) = 0}, for: 

If V' : r — > U(X') is an other irreducible representation of T then we obviously 
have 

r 7 (e <8> X') = T^(e)Trace(V'(j)). 

□ 

Remark 4. The above pairing < r 7 ,e > is in fact well defined provided the pro- 
jection e is 7-invariant and the whole T-invariance is not needed. So this result is 
in fact a result on the subgroup generated by 7 in T so that the assumption that T 
be abelian is not restrictive. 

Remark 5. The pairing in the odd case can also be defined in the Toeplitz sense 
but is not needed here. 

To finish this section, let us explain the link with the equivariant index problem. 
Let (7i,F) be an even (bounded) p-summable T-invariant Fredholm module over 
A, then to any T-invariant projection e £ L(X) for some T-representation 
X, e o [F <E> idx] e acting on e(H x X) is a T-invariant Fredholm operator which 
anticommutes with the grading of TL. One can then consider the T-equivariant index 
of its positive part as an element of the representation ring R(T) of the compact 
Lie group T. This defines 

Ch r {H,F) : K r (A) -> R(T), 

that generalizes the Chern-Connes map to the equivariant case. 

Proposition 2. Denote by Ch(7i, F) the Y -equivariant cyclic cocycle associated 
with (7i, F) as in [15]. Denote by ev 7 : R(T) — » W the evaluation at (a conjugacy 
class of) a fixed arbitrary element 7 G T. Then we have: 

ev 7 o Ch T {H, F) = Ch(H, F) 1 . 

Proof. Let e £ A® L{X) be any T-projection with X a finite dimensional repre- 
sentation of r. Denote by P the T-invariant Fredholm operator [e(F <8> idx)e]+ ■ 
e+(H + 8 X) -> e_(H _ ® X). Then Q = [e(F ® id x )e\- is a parametrix for P 
modulo L P (H © X) which is in addition r-invariant. 

By the equivariant Calderon formula (See lemma 3 below), we obtain: 

< ew 7 o Ch r (n, F), e >= Ind r (P)(f) = 

Trace e+in+ex) (U(j) o (1 - QPf) - Trace H - ex (U(j) o (1 - PQf). 
The computation of [e — e(F ® idx)e(F ® idx)e] p in the non equivariant case 



16 [page 277] enables then to conclude. □ 



The following lemma is more or less known to experts and we give it for the 
benefit of the reader. 
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Lemma 3. (Equivariant Calderon formula) 

Let U : r — > U(TC) be a unitary representation of the compact Lie group T. Let 
P, Q be two Y -invariant operators on TL such that 1 — QP and 1 — PQ belong the 
Schatten ideal L P (TL) for some p > 1. Then 

V 7 G r,/ncf (P)( 7 ) = Trace(U(j) o [1 - QPf) - Trace([/( 7 ) o [1 - PQf ). 

Proof. The proof in the non equivariant case generalizes straightforward (See for 
instance [15] [page 304]), so we will be sketchy. We set So = 1 — QP and Si = 1— PQ. 
Let e and / be the projections on the eigenspace associated with 1 for So and Si 
respectively. These are defined for instance using Cauchy integrals around 1. Then 
e and / are T-invariant projections and V7 G T, U(j) preserves their domains. Wc 
also have 

Qf = eQ,Pe = fP. 

This enables to restrict the Frcdholm operator P to Im(l — e) so that it realizes a 
T-equivariant isomorphism between Im(l — e) and Im(l — /). Hence: 

Ind v (P) = Ind r (P\ Ker(QP) ) = [e] - [/] G R(T), 

and thus, 

V 7 G r,/nrf r (P)( 7 ) = Trace(U(j)\ Im{e) )-Trace(U( 7 )\ ImU) ). 

On the other hand, in restriction to Jm(l — e) and with values in Jm(l — /), P 
intertwines Sq and 5™ , for any n > 1 and so the conclusion. □ 

Corollary 2. Let (H, F) be a T-equivariant Fredholm module as above, then we 
have: 

V 7 G T, Ch(H, Fy(K r (A)) G ev 7 (R(T)) = P(r)( 7 ). 

This corollary is very precious in view of the integrality theorems. It shows for 
instance that when T is a finite cyclic group "E n , 

Ch(n,F)-'(K r (A)) C %[e 2m l n ]. 

For foliated involutions, we obtain the integrality of Ch(H, P) 7 , compare [3,4]. 

4. Basic homology and transverse cyclic cocycles 

In this section we recall the basic homology of foliations as well as its relation 
with the cyclic cohomology of C£°(G, SI 1 / 2 ) following results from [14]. Note that 
because all our bundles are twisted by a line bundle of longitudinal densities, our 
definition is a slight modification of the classical one (see [21] for cohomology and 
[18] for the dual notion of invariant currents). Basic homology (in fact cohomology) 
was first introduced by Reinhart, in a now classical paper at the end of the fifties, to 
give an approximation to the homology of the space of leaves. This homology has 
been very useful especially to the study of Riemannian foliations [1,17,21,22]. On 
the other hand, Connes introduced the regular convolution algebra of the foliation 
and showed in many situations that its cyclic cohomology is an alternative way of 
describing the de Rham homology of the space of the leaves [14,15]. 

We define below a correspondence from basic homology to cyclic cohomology 
which generalizes the well known isomorphism in the case of fibrations. This cor- 
respondence is related with the one described in [10] for characteristic classes of 
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foliations and also to the computations of [8] . We also recall the cyclic index theo- 
rem for foliations and its basic version. We point out that the results of this section 
are not new and are more or less implicit in Connes' work. 

We denote by v the transverse vector bundle of the foliation that is the quotient 
bundle T(V)/F. The restriction of this bundle to any leaf is flat thanks to the 
action of the holonomy pseudogroup. More precisely, any path 7 which is drawn 
in a leaf of (V, F) induces a holonomy transformation from a little transversal at 
s(7) onto a little transversal at r(j) whose differential is well defined as a linear 
isomorphism that identifies f s ( 7 ) with v r ^y This defines an action of the holonomy 
groupoid G on v, that is a functor from the little category G to the category of 
vector spaces here the fibres of v. By transposing this action, we get an action of 
G on the dual bundle 

v* = {a G T*(V),Vx G V,\JX G F x , < a x ,X >= 0}; 

and hence also an action on the exterior powers A fe (V*) for < k < q. 

Definition 3. [14] A fc-twisted basic current is a generalized section (say a C~°°- 
section) of the bundle K q ~ k (v*) ®(D„ which is in the kernel of the longitudinal 
differential 

d F : C-°°(V,A q - k (v*) ®<D V ) -» C~°°(V, k q ~ k (v*) <g> F* ®(D V ). 

We will denote by A/, the space of twisted basic currents. 

In the above definition (D„ denotes the orientation line bundle of the transverse 
bundle v. Let us now fix for the rest of this section a transverse distribution C 
that is a supplementary subbundle to F in T{V). Then any element of defines 
a continuous (with respect to the natural Frechet topology) linear form on basic 
forms twisted by the line bundle of longitudinal densities. This gives a Poincarc 
map: 

A k - (n%y 

where CIb denotes the space of basic forms twisted by the longitudinal densities, 
it can be identified with the space of basic forms via a choice of a nowhere van- 
ishing longitudinal density. Whence Sl% is exactly the kernel of the longitudinal 
differential dp acting on smooth sections of A k (C*) tg> Sip with denoting the 
longitudinal densities. 



Definition 4. [15] Let A be a (E-algebra. A /c-precycle over A is a quadruple 
(ft, d, J ,8) such that 

(i) is a graded algebra = fi° © ... © fi fe , so that the product sends f2 J © IP 
into Cli+i , and such that Sl° = A; 

(ii) d is a graded differential of degree 1 on Q 

V{lj,uj') e J x [V',d(uu') = (duj)w' + (-l) j uj{duj')\ 

(iii) flgfl 2 (see remark 3 below) satisfies dd = and 

d 2 (uj) = [0,w],Vw; 

(iv) J : Q k — >(C is a graded closed trace, ie: 

V(w,w') G W x n k - J , J uw' = J Ju; and Va G fi fc -\ J da = 0. 

A fc-precycle over A will be called a /c-cycle if in addition 9 = so that d 2 = 0. 
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Remark 6. The condition 9 € ft 2 is too strong and in many situations including 
foliations, it suffices to assume the existence of such a 9 so that d9 and [9, .] do 
make sense. 

When A = C~(M) for a smooth manifold M( m \ every twisted closed fc-current 
on M say a generalized section of A m_fe (T*(M)) ®(Dm such that c?C = gives rise 
to a fc-cycle over A. Other examples come from the study of finitely summable 
Fredholm modules over (E-algebras [15]. In the above case A = C°°(M) when M 
is compact, such Fredholm modules are induced by pseudodifferential elliptic oper- 
ators and the Atiyah-Singer theorem gives the twisted closed current that defines 
them. 

Recall that A. Connes has given a curvature method that enables to associate 
to any fc-precycle over A a fc-cycle over a modification of A (See |ll|[page 229]). 

Now given a fc-cycle over A, we obtain a cyclic fc-cocycle (the Chern-Connes 
character of the cycle) on A by setting: 

(1) T{a°,...,a k ) = J a°da}...da k . 

Let us now describe the precycle used to define the transverse fundamental class 
of a foliation [13]. If we denote by OP the space C~(G, A j (r*(v*)) <g> ft 1 / 2 ) then we 
obtain a graded algebra by setting 

V(w,u/) e n j x fi*',Va: S V, V7 G G K , 
uw'(l) = w(7i) A7i(w'(7 1 " 1 7)). 

Note that if a (7) = yandsfri) = yi then cj'( 7 f : 7 ) e A^'^J^IAF^I^olAF^ | x / 2 
and 7i(w'(7 1 " 1 7)) is then in A J " (1/*) ® lAi^] 1 / 2 ® |AF yi | 1/2 . Thus the wedge product 
is well defined and gives an element of A?+i' (vl)®\KF yi |® lAi^l 1 / 2 ® [Ai^l 1 ^ w h se 
integral is well defined. 

On the other hand, we can define a transverse differential [13,15] 

d c : C^{G,K J {r*{u*))®n 1 ' 2 ) ^C c 00 (G,A-'' +1 (r*(^))®ft 1 / 2 ), 

which satisfies all the properties required for a precycle [15, page 266] but which, 
unless the transverse bundle is flat does not satisfy d 2 c — 0. So we need to use the 
Connes curvature method. Now we have the following theorem which is implicit in 
Connes' work: 

Theorem 4. Let C be a closed twisted basic k-current on V. For (fo,---,fk) £ 
G c °°(G,ft 1 / 2 ) fc+1 ; put oj = f dfi...df k e M 2 (C?>(G,r*(A k (v*)) ® ft 1 / 2 )) where d is 
the modified differential obtained out of dc by the Connes curvature method. Then 
we have: 

(i) oj 22 = 0; 

(ii) The following formula defines a cyclic k-cocycle over the regular algebra 
C c °°(G,ft 1 / 2 ), 

rc(/o, .-.,/*)=< C,u 11 \ v >. 

Note that uj 11 G ft fc involves the curvature 9 in a complicated way for fc > 2. 
Its restriction to V — is then a smooth fc-differential form twisted by the 

longitudinal densities. 
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Proof, (i) Straightforward computation. In particular one easily sees that lu 11 does 
not depend on 9 for k < 1. 

(ii) Consider (f2 = ©o< j<k& J , dc) then the conditions (i) and (ii) in the definition 
of a precycle are satisfied and this is already proved in [15, page 229]. Recall that 
the gobal de Rham differential decomposes with respect to the non canonical (since 
F* is not a subbundle of T*(V)) isomorphism T*(V) = F* © v* induced by C in 
the following way [1] 

d = dp + dc + d. 

where dp is the longitudinal differential and d is a component of degree (—1,2) 
that brings the non integrability of the bundle C. It is a well known fact that if 9\ 
is the smooth section of F <E> K 2 (y*) defined by 

vx, y e c°° (v, A ft {x),<K V (y)) = it F ([x,Y\), 

where ttf is the projection onto F along C and 7r„ is the identification C = v, then 
d is exactly the interior product by B\ or rather its _F-component. 

Note that although d\ n j = dp + dc, {d\nj) 2 takes into account the component 
d. Computing d c we obtain the following equality 

dl + dpd + ddp = 0. 

We can therefore apply [15, page 267, Lemma 4] and the method that enables to 
construct a cycle out of a precycle so that we only have to prove that J : £! fe — > (C 
given by 

oj =< C, uj\v >, 



satisfies condition (iv) in definition 4. Take oj G and a/ 6 £! fc ~ J then using a 
partition of unity on G we can assume that Supp(uj) C UiX^U where Ui = W\ x T\ 
and U = W xT are distinguished open sets and J7x 7 C/ = W r 1 x W x T as in jl2| . 
Then 



V(u, t) S t/, (u>u)') (v, t) = / w(ioi, w, i) A (ioi, it?, t)[w'(w, ioi, 

where ti G corresponds to £ € T under the holonomy transformation induced 
by J . Now the action of C consists in integrating first in the leaf direction (this 
corresponds for fibrations to a graded trace [14]) and then applying C. Thus we 
get 

< C, uuu 1 >—< C\T, / w(wi,w,t) A (wi,w,t)[u)' (w,wi,t\)]dwidw > 

JW 1 xW 

= (_i)i(fc-i) <C\T, / (wi,w,t)[w'(w;,u;i,ti)] A uj(wi,w,t)dwidw > 

JWiXW 

= (-l)J'( fe -J) < C\T, j (wi,w,t)[u\w,Wi,ti)A(w,wi,ti)(w(wi,w,t))]dwidw > 

JWixW 

Now a variant of the Lebesgue theorem and because C is holonomy invariant 
(dpC = 0), we obtain 

< C,L0Lj' >= 

< C|T, (ioi, w, i)[w'(w, tui, ii) A (tu, Wi, ti)[u>(wi,W, t)]] > dw\dw 
[_iy{k-j) I < C\Ti,ui'(w, w\,ti) A (w, wi,ti)[u>(wi,w, t)] > dw\dw 

JWi xW 
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= (-l)^-j) < c,du> > . 

Note that the 9 obtained here is not an element of f2 2 but of C~°°(G, r*(k 2 i>*) ® 
the curvature method works as well [15]. 

Let now a 6 i7 fc_1 and let us prove that J dca — 0. Because C is holonomy in- 
variant we see that < G, [c?£a]|y >=< C, dc(a\v) > with obvious notations. Then 
once again we localize to a distinguished chart in V and notice that integration over 
the plaques commutes with the transverse differential up to longitudinal differen- 
tials so that the two conditions dp{C) — and dC = enable to conclude. □ 

Using the local Connes' algebras associated with a good cover one defines a 
presheaf and gets a tricomplex (C* ,b, B,S) which computes the localized periodic 
cyclic cohomology of the foliation algebra. Here S denotes the Cech boundary and 
(b, B) are the usual operators in the cyclic bicomplex [jl5|| . In [14], Connes computed 
this localized cohomology and identified it with H*(V,(E), the Cech cohomology of 
V twisted by the locally constant line lundle (D„. Thus we have a well defined 
localization map 

I : ffP*(G c °°(G,ft 1/2 )) H*(V,(E). 

We finally mention that from the spectral sequence computation in [l4| , one easily 
deduces that for any closed basic current G, 1(tc) is exactly the corresponding- 
localization of currents viewed locally using Poincare duality [14]. 

The important result that will be needed in section 7 is the Connes cyclic theorem 
and we proceed now to recall it. Let P be any elliptic pseudodifferential G-operator 
over the compact foliated manifold (V, F) [12]. Assume that F is orientable and 
oriented, then P is invertible modulo the algebra C^°(G) and its analytic index is 
well defined in the A"-theory group K (C^° (G)) as the image of P by a connecting 
map |l2] |. On the other hand, every cyclic cocycle on C£°(G) gives rise to an 
additive map from A-theory to the scalars. 

Theorem 5. [14,15] Let ip £ HP 2k (C^°(G)) be any even cyclic cocycle. then the 
following Connes index formula holds 

Ind v {P) :=< ipJnd(P) >=< l((p)Ch[a(P)]Td(F <g> W), [T(V)} > 

This theorem is in fact a consequence of the A-theory index theorem proved 
in [16] together with the good behaviour of the localization map with respect to 
Morita equivalence (See [63). 

Corollary 3. Let C be any closed basic current, then under the assumptions of 
theorem 7, we have 

Indc(P) :=< r c ,Ind(P) >=< Ch[a(P)}Td(F ®<F), [C] > 

In corollary 3 we have used the inclusion v* C T*(V) and the longitudinal 
orientation to see [C] in H*(V,(D). 

5. Basic Lefschetz numbers 

Let again [V, F) be any compact foliated manifold. Let / be any leaf-preserving 
transformation of V which is isometric with respect to some metric g on V. Denote 
by H the compact Lie group generated by / in Iso(V, g). One easily checks that H 
preserves the subbundle F so that each element of H brings any leaf to a leaf. We 
denote by T(f) C TZ(F) the graph of the isometry /, where TZ(F) is the groupoid 
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associated with the leaf equivalence relation. We will need the following assumption: 

(H) There exists a smooth section tpl : T(f) — > G of the submersion (s,r) so 
that the holomony of tpl \x, fx) coincides with the action of /. 

(H) is not too restrictive thanks to Pradines' density theorem. Note that when 
the holonomy groups are all trivial this section is simply the identity map and 
(H) is automatically satisfied but we prefered to take into account these holonomy 
groups. (H) is also canonically satisfied for general foliations when H is connected 
by using a continuous path from 1 to / in H. Finally if one denotes by sat(V^) 
the saturation of the fixed point submanifold V? say the union of the leaves that 
intersect V? , then tpf is always well defined on (sat(V^),F). More precisely, if 
x E sat(Vf), y G V? fl L x where L x is the leaf through x, and if 7 £ G x , set 
iff (x, fx) = (/7 _1 ) ° 7, <pf is well defined, smooth and only depends on x (This 
was pointed out to us by G. Skandalis). Using the if -theory Lefschetz theorem 
recalled in Section ??, we know that the Lefschetz class lives in the saturation of 
the fixed points. However and since our goal is to prove an independently useful 
fixed point formula using cyclic cohomology, we will make the assumption (H). 

We shall write for simplicity ip? (x) instead of <pf(x,fx). Let now E be an 
-ff-equivariant hermitian smooth vector bundle over V, then we define an endomor- 
phism * E (f) = (V E (f) x ) xeV of the C*-module e v . E by: 

y E (f)x ■ L 2 {G x 1 s*E 1 v x ) -» L 2 (G x ,s*E,u x ) 

* £ (/)*(^(7) = (r^xrS)) 

for £ G L 2 (G X , s*(E), v x ) and 7 G G x . 

Note that the same definition works for any element h G H that preserves the 
leaves and so for any element of the dense subgroup H\ composed of powers of /. 
When E = V x<S, V E (f) = *(/) is a multiplier of the C*-algebra of the foliation 
which in addition preserves C C °°(G, il 1 / 2 ). More precisely, if k G C£°(G, Q 1 / 2 ) 
denote by k h ' 1 the kernel of ^(h) ok and by k h,r the kernel of ko^{h), then we 
have 

fc h>r (7) = k{(hj) o f h (s(j))) while k h ' l (-y) = fc(^(/i- 1 r( 7 )) o h^j)). 

Note also that ^ E is a well defined representation of the group H\ in H = (B xe yL 2 (G x , s*E, v x ) 

and the induced action on C^°(G, fi 1 / 2 ) agrees with the original action in the sense 

that 

ofco*^- 1 ) = h(k). 

Whence the assumptions of Section 3 are fulfilled with A = C^°(G, Q 1 / 2 ). The fol- 
lowing lemma is clear if one keeps in mind the fact that any twisted basic current 
is holonomy invariant together with the assumption (H). 

Lemma 4. Let C be a twisted closed basic current and denote by tq the cyclic cocy- 
cle on C^°(G, fi 1 / 2 ) associated with C by theorem 6. Then tc is an H\-equivariant 
cyclic cocycle for the action defined by 

Proof. For holonomy invariant distributions lemma 4 is clear and the proof for 
measures easily generalizes to deal with distributions. Let us then restrict to the 
case where dim(C) > as a current. Let C be any ii-equivariant transverse dis- 
tribution constructed for instance using any ii-invariant metric on V. Then the 
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differential dc is the (0, 1) component of the de Rham differential in the decom- 
position T(V) = F ®v induced by C. Let h G H and let k ,h G G C °°(G, ft 1 / 2 ), 
denote as before respectively by k ' and k h ' r , the smooth kernels associated with 
tf (ft) o k and k o for any fc G G C °°(G, ft 1 / 2 ). 

Assume for simplicity that F is orientable with a chosen orientation. Fix 7 £ Gy 
and following the notations of [12] let <j> : U x 7 V — > R p x R p x R' be a local 
trivializing chart of G around 7. If k £ C^°(U x 7 V, SI 1 / 2 ) then its differential in 
the transverse direction can be described as follows: We use the trivialization tp 
to deduce a trivialization of C* that identifies it with a copic of T*(R q ) in R™. 
k o <\>~ Y is then a smooth function with compact support on the trivial groupoid 
R n = R p x R p x R q , where the last copie of R q is the one corresponding to C in V. 
The differential d-\(k) of k o in the transverse direction R q yields an element 
of G C °°(]R P xR p xR«,T'(E«)). Finally <j>* (d-i(k)) is the differential d c {k) in the 
direction C. Since dc{k) is defined globally as the projection of of the DeRham dif- 
ferential onto £*, the local expression is independent of the chart used to define it. 
Now, for a trivialization of G around ip h (h~ 1 r( / y))h~ 1/ y, we chose as a local neigh- 
borhood h^XJ x v h(/ l -i r ( 7 ))/ l -i 7 V' which is diffeomorphic to 1R P xlR p xlR 9 with again 
R q a q-plane in R n corresponding to C in V. If 7' G U x 7 V with ^(7') = (u', v' , t') 
then /i _1 (7') G /i _1 ?7 x^-i 7 ft,^ 1 ^ and (p h (h~ 1 r(-f)) induces a germ of holonomy 
that is exactly the action of h on C thanks to the assumption (H). This shows 
that the transverse copie of R 9 in the trivialisation 4>' of h^ 1 U x v ,'>(/ l -i r ( 7 ))/ l -i 7 V 
coincides with that of U x 7 V and hence n-^i [<$>' {ip h (h~ 1 r{')'))h~ 1 ')')} = 77^9(7'). 



Let x G V and assume that Supp(k ) C U x 7 V where U = W x T\ and a; G 
V = W' x T where 7\ and T correspond to the decomposition induced by C. The 
isometry h' 1 transforms U onto h^iU) ^ W" x T with T' = h _1 (Ti), in the 
same way we have /i _1 (V) = V" = W" x T" with T" = hr Y (T). Let us compute 
[fco * d£(fc 1 '' i )](a;) using the local trivializations, we obtain 



So 



dc(k h ' l )(j) = d £ (fc)(^(/i- 1 r( 7 ))^- 1 7),V 7 G G. 



Now recall that 







fcg' r (wo,/i 1 w,t")(h 1 w,w,t)[(w ,h l w,t")(dc{k\){h 1 w,wo,ti))]dwo 



= /i[(A#' r *d £ fci)(/i-Vi")] = [h*(fco' r *<kfci )](>)• 



Thus we obtain the following equality 



[*o*d jC (fcf , ')]|v = [ft*(fcJ ,r *d iC A:i)]|v. 



In the same way we show that 
[ho * dc(ki) * dc(k 2 ) * ... * dc(k^' l )](x) — [h*(k * d c k\ * ...d h £ r k r ^i * d c k r )](x). 
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Now if G is any twisted basic current then it is invariant under holonomy and so 

< C, [h*(k a *d c ki* ...d c k^ 1 * dck r )]\v >=< C, [k * d c ki * ...d c k^'^ 1 *d c k r ]\ v > . 

It remains to treat the terms involving the curvature 9 in 

k * dc{ki' 1 ) * dc(k 2 ) * ■■■ * d c (k r ). 

These terms are of the form k a * k^' 1 * A where A contains factors with 9. Thus 
Lemma 4 and hence the above proof works again. □ 

Theorem 6. Let X be any finite dimensional representation of H and let e E 

C£°(G, O 1 / 2 ) ® L(X) be an H-invariant projection, e — e (B A with A E L(X). Let 
t be any basic cyclic cocycle on C^°(G, SI 1 / 2 ). Then the formula 

r f (e) = (T$Trace)(y y * x (f) o e, e, e) 

induces an additive map on the equivariant K -theory ofC^°(G, Q}/ 2 ) which respects 
the localization at the prime ideal of f . 

Proof. Using Theorem 5 it is sufficient to prove that all the basic cocycles are 
5'(i?i)-cquivariant. But this is the content of Lemma 4. □ 

Assume for instance that (V, F) admits a holonomy invariant transverse measure 
A. Recall that this induces a trace on C*(V, F) [12] which is finite on C C °°(G, fi 1 / 2 ). 
We will denote this 0-cocycle by t\. Because the Ruelle-Sullivan current associated 
with A is a basic current we deduce: 

Corollary 4. Let e be an H-invariant projection of C^°(G, fi 1 / 2 ) ® L(X), where 
X is a finite dimensional unitary representation of H. Then the formula: 

r[(e) = (r A $Tr) (* v * x (f)oe) 

induces an additive map t{ : K H (C* (V, F)) / — > W . 

Corollary 4 was first proved in [6] but is here a corollary of theorem 8 since t\ 
is an ii-equivariant cyclic 0-cocycle. If we define now the Lefschetz A-number of / 
to be: 

L A (f-E,d) = r{(L(f;E,d)), 

then we get out of the if-theory Lefschetz theorem a measured Lefschetz theorem 
which recovers the results of [19] when the diffeomorphism is isometric. In this 
measured case it is easy to see that L\(f;E,d) coincides with the alternate sum 
of the actions of / on the kernels of the laplacians of the G-complex so that when 
F = T{V) we obtain the classical Lefschetz theorem. 

Definition 5. Let C be any closed basic current and let tc be the iJ-equivariant 
cyclic cocycle on G^°(G, Q, 1 ' 2 ) associated with C by theorem 6. Then the C- 
Lefschetz number of / with respect to a pseudodifferential H-invariant G-complex 
(E, d) is defined by 

L c (f;E,d) :=T f c {L{f-E,d)). 

Let us point out that since V? is a transverse compact submanifold, its saturation 
sat(V^) = U is an open submanifold of V and we can define very easily additive 
maps from the localized equivariant if -theory of C%°(G(U), fl 1 ^ 2 ) to(D without any 
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-ff-equivariance assumption. In fact, we have an algebraic iJ-equivariant Morita 
equivalence 

C c oc (G(J7),fi 1/2 ) ~ G^G^.ft 1 / 2 ) 

and an isomorphism 

K H (C?(G%t,aV 2 ) = K{C™ {Gy'f ,Q}I 2 )) ® R(H). 

We can then define r f = [r. <g> ew/] o r», where t* : K(G£°(G^ , ft 1 / 2 )) -> (C is 
defined by the same construction. This shows that in the almost H -trivial case 
(saturation of V* ) the maps we have constructed agree with the expected ones and 
one needs no assumption neither on r nor on the existence of ^ to construct such 
maps. Note also that our definition of t* coincides with t* <E> evf whenever the 
action of H is trivial. 

Theorem 7. Let (E,d) be an H-invariant elliptic G-complex over (V,F). Let C 
be a closed twisted basic k-current on V and let tc be the cyclic k-cocycle over 
G£°(G, ft 1 / 2 ) associated with C in theorem 6. Then: 

L c (f; E, d) ^ 0(=> L(f; E, d) ^ 0) => Lnd$(E, d) + and V f ^ 0. 

Proof. This is an immediate consequence of the K-theory Lefschetz theorem to- 
gether with the additivity of {tcY ■ □ 

6. The basic Lefschetz theorem 

Let C be any closed twisted basic fc-current on (V, F) and let r = tc be the 
associated iZ-equivariant cyclic fc-cocycle on G^°(G, ft 1 / 2 ). We shall only consider 
the even case as explained before. Such currents are transverse in the sense that: 

Lemma 5. For every transverse submanifold W, let Tq be the cyclic k-cocycle 
over C^°(G(W), ft 1 / 2 ) defined in theorem 6 but fo the foliated manifold W . Then, 
the following diagram commutes: 

K {C^{G(W)^/ 2 )) ^ K {C™{G,&/ 2 )) 

\ / (tc)* 

W 

where G(W) is the holonomy groupoid of the restricted foliation and ip is Morita 
extension [16]. 

Proof. Let N be an open tubular neighborhood of W in V so that the fibres are 
included in the leaves of (V, F) and let us identify as usually N with the nor- 
mal vector bundle to W in V. Recall that the Morita extension is the composi- 
tion of a Mischenko map C~(G(W), ft 1 / 2 ) -> G c °°(G(iV), ft 1 / 2 ) with the extension 
G c °°(G(AT),ft 1 / 2 ) -> G c °°(G,ft 1 / 2 ). Thus thanks to the excision property, we only 
need to prove that the basic cocycles do commute with any Mischenko map. In 
[14] it is proved that for vector fibrations the curvature 9 of the vector bundle TV is 
killed in the computations. Now if f £ C^°(N) satisfies 

\/weW,[ \f(n)\ 2 d[3(n) = l, 
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(for a fiberwise measure 0) then it realizes a Mischenko map by setting [11]: 

M(p)(7)=/(«(7))/(r(7))p(7). 

In this formula, 7 £ G(N) and 7 is its projection in G(W). 

Let C be a closed twisted basic current and let tq be the associated fc-cyclic 
cocycle. Let <p £ C£°(G(W),£l 1 / 2 ), then the transverse differential satisfies 

d £ m<PW) = /(*(7))/(r(7))d£(v)(7) + /(«(7M7)(d/:/)(r(7)). 
Now Vw G IV, 



(2) 2 / f(n)d c f(n) = d c / /(n) 2 = 0. 

Thus if Oo, Vfc) 6 G™(G(W), fi 1 / 2 )^ 1 , then we obtain 

M(tpo)*d£(M((pi))*...*d/z{M(tp k )))(?y) = 



L T (f; E, d) = Ind T 



Vt 



tp (ao)do(dc{M(tpi))(d 1 ))dodi(dc(M(ip 2 )(d2))...)do...ak- 1 (dc(M((pk)( 

"0»1 ...£*fc=7 

All the terms arising from the transverse differential of / are annihilated by the 
condition @j above and we obtain the result. □ 

Now we can state using the notations recalled in Section 2: 

Theorem 8. (Basic Lefschetz theorem) 

Under the above assumptions, let {E, d) be an elliptic H -invariant G-complex 
over (V,F). Assume that the fixed-point submanifold is transverse to the foliation. 
Then, for every even closed twisted basic current C on (V, F), we have with r = tc : 

i*[a{E,d)}{f) 
\-x{Nl ® #)(/), 

where Ind T yt — t* o Indyi : K(F^) ® W — ► W is the naturally extended Connes' 
cyclic index associated with t, and i : F? °-> F is the H-inclusion. 

Proof. We will use theorem 3, which can be summarized by the commutativity of 
the following square 

K H (Ff) f (l l f K H (F) f 

Ind vS ^ R{H)l i i (Indy')f 

K H (C^ (G{Vf,Ff),n 1 / 2 )) f ^ K H (C^(G,Q 1 / 2 )) f 

and the fact that (i!)/ is an i?(i?)/-isomorphism with inverse - — T^J^j ■ 

Recall that j\ : K H (C™(G(Vf , F*), n 1 / 2 )) K H (C^°(G, f} 1 / 2 )) is the Morita 
extension as described in [16]. We deduce: 

i*HE,d)] 

On the other hand, we have defined L T (f;E,d) as the image of L(f;E,d) by the 
additive map 



L(f;E,d) = (j\) f o (Ind vf ® R(H) f ) 



(Tf) f :K H (C™(G,^ 2 )) f ^(K. 
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So, we get: 

L T (f;E,d) = (rf ojl), o (Ind vf R(H) f ) (£g^y) • 
Let us prove now that commutes with the Morita extension j\, say that: 

This is a consequence of the ff-equivariance of the Mischenko projection. More 
precisely: 

Let N be an if -stable tubular neighborhood of in V which is diffeomorphic 
to . We denote as before on and F N the foliations inherited by and 
N from the original foliation (V, F). Recall that the Haar system v on G is given 
by the pullback s*(a) of a Lebesgue measure a on the leaf manifold T (say: V 
with a discrete transverse topology) . Let the restriction of a to N be the product 
of a leaf-measure a? on T(V^) by a fiberwise Lebesgue measure (3, and choose 
f e C™(N), > such that: 

VweVf'J \f (n)\ 2 .df3(n) = l. 

Then with / e C%°(N) given by: 

= j H h{h- 1 .n).dh 

'l N ^ n) \I H fo(h-^n).dh\\dP(n)] 1/2 

we have 

\,f(n)\ 2 .d(3(n) = l.Vtu e V f , /(/i _1 .n) = /(n),V/i e i2",Vn G AT. 



/ 



The Morita isomorphism K H (C™(G(Vf, F*), Vl 1 ' 2 )) = K H (C™(G(N, F^),^ 1 / 2 )) 
is then induced by the tensor product with any H-invariant rank 1 projection, and 
is easily described by: 

<p H : C™(G{W)) -» C C °°(G(JV)) 

where 7 is the projection of 7 under it : G(N,F N ) — > G(V^ ,F^). <fi H (£,) is well 
defined and compactly supported, and it brings C^°-half densities into C^°-half 
densities so that using lemma 5 we only need to prove that: 

V/i £ H, *(/») o <p ff (f) = <p H (*(h) o £). 

But a straighforward computation of the kernels yields to the same result. 
Now, we obtain 

L T (f;E,d) = (4 f ) f o (Ind vf ®R(H) f ) (£[^JL 

and so, 

*HE,d)} 

where [if : R(H)f — >(C is the evaluation at /, given by /U/(x/p) = x(f)/p(f)- 
We can also define the evaluation 



L T (f;E,d) = {[t v s o Ind V f] ®evf) 



K H (F f ) f S K(F*) ® f?(ff)/ -» K(F*) ®(C, 
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that we denote by x ^ x(f). Hence if Ind Ti yi is the extension of r V f ° Ind v s to 
the tensor product by(D, then we get: 

i*[a(E,d)}(f) 



L T (f;E,d) = Ind TV f 



\-i(Nf ®<D)(f) 



□ 



7. Some applications 

There are several interesting corollaries of theorem 10 [2,19,20] but this work is 
too long to be inserted in the present paper. Let us just develop this basic Lef- 
schetz theorem under the Chern character. So assume that is oriented and let 
P be the localization map in the twisted homology by the transverse orientation of 
W, defined for the compact foliated manifold (V^,F^). Then P(rc\vf) = C|y/ 
viewed in H* tl/ (Vf ,(C) as we have already mentioned and Connes' cyclic index the- 
orem yields: 



Theorem 9. (Cohomological basic Lefschetz formula) 

Under the assumptions of Theorem 10 and for any closed twisted basic current 
C we have: 

Lc{LE ^ ) = \ch w (\^(Nf®W){f)Y Td{F ®^ C ^ 
where Td denotes the Todd characteristic class. 
Proof. Let 4>c,vf be the map from i?*(F^,H) to(C given by: 
<f>c,vf(x) = (x.Td(F f ®<D),C| V /) . 

Then, the Connes' index theorem for the cyclic cocycle associated with C is (up to 
a sign that we include in the definition of the Chern character) exactly the equality: 

Ind C V f — 4>c,vf ° Ch. 

The chern character can be extended to K{F? ) ® R{H) /, with values in H*{F i ,(C) 
by the map given by: 

6(x ® = c% [(x ® x/p){f)\ = ch$ [{x ® x(/)/p(/))] = [ X (f)/P(f)}.ch(x). 
Hence, if we trivially extend <Pc.vf to H*(Ff,(K), then: 

(<t>c,vf °0) {x ® X/P) = (ch(x).j$.Td(Ff ®<V),C\ vf 

= (chQ((x®X)(f)).Td(Ff®<S}),C\ V f 

On the other hand, 

i*WE,d)](f) \ 

\-!(Nf m)(f)J 

and 

{<t>c,vf °0){u) = Ind c ,vf(u(f)). 

So we obtain: 

i*[<r(E,d)](f) \ 
v A_! (TV/ ®V)(f)J 



L c (f;E,d) = Ind C yi ^ 



L c {f;E,d) = (<f>c,vt°0) 
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and finally, 



□ 



We point out that the term chq<(i*[a(E 7 d)](f)) is not easy to compute in the 
whole generality and the simplifications that occur in the geometric cases are very 
precious [4]. On the other hand, our theorem simplifies when the fixed point sub- 
manifold V? is a strict transversal in the sense that it is transverse to the foliation 
with dimension exactly the codimension of the foliation. This corresponds in the 
non foliated case to isolated fixed points and we get: 

Corollary 5. IfV* is a strict transversal, then under the asumptions of Theorem 
10 and for any closed twisted basic current C, we have the following Lefschetz 
formula: 

LcU ^ d) ~ \Epw^m^miTy [clvi] ) ■ 

Proof. Here = V f , so: 

i*[a(E,d)] = ^2(-i) l [E l \ vf }, N f = F\ v/ and Td(F f <8><D) = Td(V f x<D) = 1 

i 

and hence, the corollary is proved. □ 

If (E,d) is the G-complex associated with the De Rham complex along the leaves, 
then only the zero component of the twisted basic current is involved and we have 

L c (f;deRham) = (1, [C ]} 

where 1 is the constant function on V* , and [Co] is the 0-component of [C|y/]. 

This shows that if [Co] is a positive measure, then Lc(f; DeRham) > 0. This 
is true for instance when we consider a holonomy invariant positive transverse 
measure, compare with [20]. We also deduce when the foliation is transversally 
oriented and with C = [V/F] the transverse fundamental class, 

L[v/F]{f:deRham) = 0. 

Now, all the computations of [4] can be rewritten here by replacing the character- 
istic classes by their power series. Let us just give the formula obtained: 

Proposition 3. We keep the assumptions of 3.3. The normal bundle decom- 
poses under the orthogonal action of H into: 

N f = N f (-1) © Nf ( ) 

O<0<7T 

Let s(9) = dim(Nf (6)) £ H°(V^ , Z), let x\, . . . ,£[ s (-i)/2] be the standard char- 
acters which generate the Pontryagin dual of the maximal torus ofO(s(—l)). Let 
2/1, .. . , 2/s(0) be the corresponding characters for U(s(6)). We set: 

K = EKr(pi, ■■■,&) = [nfi7 1)/21 ((l + e a; 0/2)-((l + e- a! 0/2)]~ 1 

<-> — Z^<-Vl C li ' • ' > C rJ — llj = l i- e i» ■ i-e-tt* 
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where Pi is the ith symetric function of the x\s (ie: a Pontryagin class) and Ci is 
the ith symetric function of the y[s (ie: a Chern class). We get: 

^ ifi ^ = ( yyf - II S«{Nf{6)).1l{Nf{-l)).Td{Ff®W),[C\ v! ] 
\ det(l-f\ Nf ) ^ 

Because of its particular interest in relation with the Riemann-Roch theorem for 
foliations, we give the formula obtained for the Dolbeault complex: 



Corollary 6. We suppose here that the leaves are holomorphic manifolds. If 
(E, d) = Dolbeault(X) is the G-complex associated with the Dolbeault complex along 
the leaves with coefficients in an analytic vector bundle X then: 

L c (f;Dolbeault(X)) = ^^^ML.Td(F^,C\ vf )^ 

Proof. Sec [4]. □ 

Remark 7. The good definition of the transverse fundamental spectral triple yields 
to very precious integrality results by the use of similar ideas. It is an interesting 
challenge to work out the details of this kind of integrality results. 

In the same way we obtain the expected usual characteristic classes for the 
signature operator along the leaves of an oriented foliation as well as for the Dirac 
operator when the foliation is if-oriented. The signature case is more relevant 
in relation with the integrality theorems which are too important to be quickly 
treated here. For the Dirac operator along the leaves, we can already generalize 
the Atiyah-Hirzebruch's rigidity theorem [3] in the lines of [20]. 

Assume that F is an even dimensional spin vector bundle. Then, we have a well 
defined Dirac operator D along the leaves, and we can apply the Lefschetz theorem 
to D whenever it is preserved by H . Let A(F) be the A-characteristic class of the 
vector bundle F [3], and let tc be any basic fc-cocycle over C£°(G, fl 1 ^ 2 ), the cyclic 
longitudinal A-genus is then defined by 

A T (F) = (A(F),[C}). 

Using the cyclic Lefschetz theorem, we can generalize Proposition 3.2 of [20] by, 
first taking into account the eventual relevant holonomy, second dealing with all 
the basic cocycles which are traces in the sense of [13]. Here we only state the 
result in the case of the transverse fundamental class tc = [V/F] [13]. See [7] for 
the general case and also for the details. 

Proposition 4. // (V, F) is transversally oriented, then 

{no compact connected Lie group can act non 
trivially on V as a group of isometries of 
V preserving the leaves and the spin structure 

The proof of this proposition uses the continuity of the map / — > L^y/p^f; E, d) 
and a generalisation of the method of [3] . Note that when the group is connected 
and preserves each leaf, the fixed point submanifold is necessarily transverse to F 
[20]. 
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